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The Eigenvalues-Greater-Than-One Rule
and the Reliability of Components
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A commonly used criterion for the number of factors to rotate is the eigenvalues-greater-than-one

rule proposed by Kaiser (1960). It states that there are as many reliable factors as there are eigenval-

ues greater than one. The reasoning is that an eigenvalue less than one implies that the scores on the

component would have negative reliability. I show here that this rule is the result of a misapplication

of the formula for internal consistency reliability. I also present a formula for the reliability of a

component; it depends on the eigenvalue and the reliability of the individual measures.

One of the most difficult decisions that a factor analyst must
make is the number of factors to retain. For the person using
factor analysis in an exploratory way and using the principal-
components and principal-factors methods that have been the
mainstay since the late 1950s, this decision is typically made on
the basis of the size and relative size of the eigenvalues. It is this
methodology that is discussed here, in spite of the fact that it is
now being replaced by quasi-inferential methods, such as maxi-
mum likelihood.

A simple rule, one that has been the default option of many
statistical packages, is to retain as many factors as there are ei-
genvalues greater than unity in a principal-components analy-
sis. If a common-factors analysis based on estimated commu-
nalities is preferred, then a two-stage analysis is necessary: a
principal-component analysis to find the number of factors, fol-
lowed by a principal-factors analysis to compute the loadings.

There are three rationales for the rule. One is due to Guttman
(1954), who proved that in the population it provided a lower
bound for the number of common factors. The second is the
informal reasoning that a component is of little interest if it
accounts for less variance than a single variable does. The third
is the statement by Kaiser (1960) that a component score will
have negative reliability if the eigenvalue is less than unity. The
purpose of the present article is to show that the last rationale
was based on an erroneous application of a commonly used for-
mula for estimating the reliability of a multi-item test.

Zwick and Velicer (1986) recently reviewed the literature on
rules for identifying the "correct" number of factors and pre-
sented additional Monte Carlo data of their own. They con-
cluded that the Kaiser rule tends to overestimate the number of
factors in sample correlation matrices, whereas Guttman
(1954) showed that it is a lower bound, that is, tends to underes-
timate the number of factors. Guttman's conclusion, however,
was developed with respect to the population correlation ma-
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trix, whereas most data decisions are based on sample data, and
the Monte Carlo studies cited by Zwick and Velicer simulate
sample correlation matrices. It is in fact relatively simple to
construct population matrices in which the rule will underesti-
mate the number of factors; Table 1 is an example, as will be
seen in more detail later. It is nearly as simple to construct popu-
lation correlation matrices whose sample estimates will lead to
overestimates of the number of factors if the rule is applied.
Thus, the rule can systematically either over- or underestimate
the number of factors, depending on circumstances.

Such negative evidence leads to questioning the basis for the
rule. In what follows, I show that Kaiser's (1960) rationale for
relating the reliability of components to the number of eigenval-
ues greater than unity was based on a misapplication of a com-
mon formula for the reliability of a composite and that the reli-
ability of a principal component depends on the reliability of
the measures. Thus, reliability of components cannot be de-
duced from the size of the eigenvalues, and the Kaiser rationale
for retaining as many components or factors as there are eigen-
values greater than unity does not have any logical basis. This
article focuses on only that issue and does not deal further with
the other two justifications for the eigenvalues-greater-than-one
rule.

Kaiser (1960) Rationale

The suggestion by Kaiser (1960) was based on a commonly
used formula for the reliability of a total score. Kuder and Rich-
ardson (1937) first suggested the formula, and it is called Kuder-
Richardson formula 20 (K-R 20). It and its rationale were elab-
orated by Cronbach (1951), who called the generalization co-
efficient alpha.

The formula estimates the parallel form reliability of a total
score from the internal consistency among subscores or items.
It is extremely useful because it does not require the actual com-
putation of correlations among the items. A common formula-
tion is

(1)
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That is, the estimated correlation between a total score x and a

hypothetical parallel total score x' depends on just p (the num-

ber of items), the variance s* of x, and the sum of the

variances of the items 2 sj •
j

Kaiser (1960) proposed that this formula was applicable to
deciding on the number of factors. If a factor is to be retained,

the corresponding composite score should be reliable. At least,

it should have positive reliability in the internal consistency

sense.

His rationale seems to have been as follows:' The cth princi-

pal component is a weighted composite score in which the

weights are the elements w\c, Wic, . . . , %., . . . , w^ of the cth

eigenvector, and the variance of the composite is the corre-

sponding eigenvalue. The term 2 Sj in Equation 1 actually rep-

resents 2 WjcSj, but in K-R 20 all the weights are equal to

unity; hence, it is simplified to 2 s2'
i

In the factor-analytic context, the weights are unequal, but a

simplification still occurs because there the s/s represent the

variables' variances, and here these are all equal to 1.0. Also,

eigenvectors are conventionally normalized so that

Therefore, the reliability of the cth principal component can,

by substitution, supposedly be estimated as

tion between a weighted composite of one battery and the same

weighted composite of the other. Then a matrix version of Equa-
tion 3 becomes

xe-i.o
P - I

. (2)

If Ac < 1.0, the estimated reliability is negative, so the compo-

nent is supposedly unreliable. Therefore, one should retain only

as many factors as there are principal-components eigenvalues

greater than unity; hence, the rule. I show below that there is a

flaw in this application of K-R 20.

Reliability of Composite Scores

Equation 1 is a very special case of a general formula for the

correlation between two composites. The general formula for

the correlation between one composite score, xc = 2 Wf/yj, and
j

another, xc> = 2 v/fiV), is by definition

2 2

(3)

(2 2 wcjwcksjk)
ll\^ 2 w^v

j k j k

The formula gives the correlation between one combination, xc,

and a second combination, xc.. There is a vector of weights for

the c combination—wa, via., ..., w^, ..., w^—and one for

the c'—We',, wv 2 , . . . , wC'j,.. .,wff.

In the case of computing the reliability of a composite, there

are two parallel batteries with p measures in each, and the same

weights are applied to each battery. The reliability is the correla-

(4)

where 812 is the matrix of covariances between measures in the

first battery and measures in the second, Sn is the matrix of

covariances among members of the first battery, S22 is the ma-

trix of covariances among members of the second, and w is the
vector of weights.

Equation 1 is a special case of Equation 4 provided certain

simplifications hold: (a) All the weights are equal; that is, x is a

simple total score; (b) the variances ofx and x' are the same; (c)

the average covariance between a measure in one battery and a

measure in the other battery is the same as the average covari-

ance among measures in the same battery. Gulliksen (1950), for

example, showed the steps in deriving Equation 1 from Equa-

tion 4 under these assumptions. The equation then gives the

correlation between the total score on the available battery of

items or measures and the total score on a hypothetical second

one and, as such, estimates a parallel form reliability.

Equation 4 does not reduce to Equation 1, however, unless

the assumptions in the preceding paragraph hold. But in apply-

ing Equation 2, the weights are the elements of an eigenvector

that are typically unequal, so the conclusion made by Kaiser

(1960) is erroneous: There is no direct relation between the size

of an eigenvalue and the reliability of the corresponding com-

posite.

Reliability of Principal Components

A much weaker version of the rule can be derived, but it re-

quires stronger assumptions about the covariances between

variables and requires estimates of the individual measures' re-

liabilities. When the weights are unequal, one can only estimate

the reliability of the composite by assuming that the second bat-

tery of measures is parallel measure for measure with the first.

One can assume that if y/ and >v are the corresponding parallel

measures in the second battery (which is hypothetical in this

application) that are respectively parallel to the observed y/ and

yk, then sjk = sfv = !#• = sfk, and sj = s}. That is, the covari-

ances between corresponding measures are the same whether

both are in one battery or one is in one battery and one is in

the other. This assumption results in the two standard deviation
terms in the denominator of Equation 4 being equal. (It is possi-

ble to make a somewhat weaker assumption, but it involves the

weights, is very complicated to state, and seems very unrealistic

in practice.)

The correlation between the observed component and the hy-

pothetical second component is not yet defined because, al-

though it is assumed that sfk (the covariance between the ob-

' Kaiser (1960) did not specify the formula or formulas that he used,
stating, "I have worked out all the formulas for Ruder-Richardson reli-
ability of factors" (p. 145).
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served j'th item and the hypothetical fcth item) is equal to the

observed %, there is no assumption about the covariance be-

tween corresponding measures, %, that is, about the reliability

of the individual measures.

In the case of K-R 20 or alpha, the average covariance be-

tween a measure in one battery and its parallel measure in the

other is assumed to be equal to the average covariance within

the battery. This leads to Equation 1. In the case of unequal

weights, the results are different. To see what happens, one can

express Equation 4 in terms of the observed covariances. It is

also useful to separate out the terms involving corresponding

variables in the numerator.

2 2

2 2 wcjwcksjk

i k

(5)

The quantity S wjsj can be added and subtracted in the numer-

ator

(2 2 WcjWckSjk+ 2 ) - 2 W^jSj + 2

2 2 wCjWcks,k

(6)

The part of the numerator in parentheses is the same as the

denominator. Also, if the variables are measured in standard

scores, one can substitute the correlations r№ for the covariances

Sff and 1.0 for sj. When wc is an eigenvector, two additional

things happen: The denominator becomes the eigenvalue Ac,

and 2 w^sj - 1.0. Therefore,

(7)

This is the crucial difference between Kaiser's ( 1 960) suggestion

and the present analysis. The correct numerator is not Ac — 1

but V - 1 plus the weighted sum of the reliabilities. This is

where the eigenvalues-greater-than-one rule goes astray.

To get some feel for r«. or to use it in applied work, S n>| can

be reinserted for the 1 .0; then a little manipulation shows that

a .
Ac

That is, the reliability will be positive if Xc is greater than the

weighted sum of the error variances. If the reliabilities for

different variables are equal, then Equation 8 simplifies to

. ,-
v - .

Ac

(9)

Thus, the composite reliability would be negative only for eigen-

values less than the complement of the reliability of a single

measure.

Table 1
Hypothetical Correlation Matrix

Variable

1
2
3
4
5
6

— .80 .80

— .80
—

.60

.60

.60
—

.60

.60

.60

.80

.60

.60

.60

.80

.80

—

Example

The conclusions presented here can be illustrated with a sim-

ple example. Table 1 contains the intercorrelations among six

variables. They clearly fall into two groups, supporting the con-

clusion that there should be two factors. The largest eigenvalue

is 4.4, but the second is only 0.8, so there is only one factor

by the Kaiser-Guttman rule, contradicting the clear impression

provided by the correlations.

One can see that the rule does not say how many components

result in reliable component scores by assuming various values

for the reliability of the individual variables. If one makes the

conservative assumption that each reliability is equal to .68,

which is the average correlation between the variables, then

Equation 5, 8, or 9 will show that the reliability of the second

composite is .60, not —.30 as the application of the K-R 20

formula would imply. More realistic reliabilities of .80 and .88

lead to composite reliabilities of .75 and .85, respectively, and

only when the variables' reliabilities reach an unrealistically low

.20 does the composite reliability reduce to zero. Thus, the reli-

ability of a composite will often be positive if an eigenvalue is

less than 1.0 and, in any event, depends on the reliability of the

individual measures.

Discussion

Thus, comparing the eigenvalues to unity in a principal-com-

ponents analysis does not show how many components will be

reliable. Perhaps it is surprising that the relation between reli-

ability and composites was never questioned on commonsense

grounds. Consider the case of a battery of perfectly reliable but

completely uncorrelated measures. All the eigenvalues will be

equal to unity; that is, the components will have zero reliability

by the rule, yet all the possible composites of the measures will

be perfectly reliable.

The present conclusion is that there will be more reliable

components than indicated by the eigenvalues-greater-than-one

rule, and the small example suggests that there can be more

common factors than the rule indicates. On the other hand,

Zwick and Velicer (1986) found that the majority of the Monte

Carlo studies, including their own, show that the rule overesti-

mates the number of common factors.

One can resolve the seeming conflict by reference to several

distinctions. First, as already noted, the number of reliable

components and the number of common factors are different
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questions, questions that perhaps never should have been con-

fused. Second, the Guttman (1954) rationale for the number of

common factors, which was rigorously proved, applies to the

population. Sampling effects tend to increase the number of ei-

genvalues greater than one, so the rule tends to overestimate the

number of factors when applied to sample matrices.

I hope the present article will contribute to the discontinu-

ance of the simple acceptance of the eigenvalues-greater-than-

one rule as defining the number of factors.
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